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Therefore, the eigenvectors are of the form

t

⎡

⎣
0
i

1

⎤

⎦

and the basic eigenvector is given by

X2 =

⎡

⎣
0
i

1

⎤

⎦

As an exercise, verify that the eigenvectors for λ3 = 2− i are of the form

t

⎡

⎣
0

−i

1

⎤

⎦

Hence, the basic eigenvector is given by

X3 =

⎡

⎣
0

−i

1

⎤

⎦

As usual, be sure to check your answers! To verify, we check that AX3 = (2− i)X3 as follows.
⎡

⎣
1 0 0
0 2 −1

0 1 2

⎤

⎦

⎡

⎣
0

−i

1

⎤

⎦=

⎡

⎣
0

−1−2i

2− i

⎤

⎦= (2− i)

⎡

⎣
0

−i

1

⎤

⎦

Therefore, we know that this eigenvector and eigenvalue are correct. ♠

Notice that in Example 7.26, two of the eigenvalues were given by λ2 = 2+ i and λ3 = 2− i. You may
recall that these two complex numbers are conjugates. It turns out that whenever a matrix containing real

entries has a complex eigenvalue λ , it also has an eigenvalue equal to λ , the conjugate of λ .

Exercises

Exercise 7.2.1 Find the eigenvalues and eigenvectors of the matrix
⎡

⎣
5 −18 −32
0 5 4

2 −5 −11

⎤

⎦

One eigenvalue is 1. Diagonalize if possible.

Exercise 7.2.2 Find the eigenvalues and eigenvectors of the matrix
⎡

⎣
−13 −28 28

4 9 −8

−4 −8 9

⎤

⎦
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One eigenvalue is 3. Diagonalize if possible.

Exercise 7.2.3 Find the eigenvalues and eigenvectors of the matrix

⎡

⎣
89 38 268

14 2 40
−30 −12 −90

⎤

⎦

One eigenvalue is −3. Diagonalize if possible.

Exercise 7.2.4 Find the eigenvalues and eigenvectors of the matrix

⎡

⎣
1 90 0
0 −2 0

3 89 −2

⎤

⎦

One eigenvalue is 1. Diagonalize if possible.

Exercise 7.2.5 Find the eigenvalues and eigenvectors of the matrix

⎡

⎣
11 45 30
10 26 20

−20 −60 −44

⎤

⎦

One eigenvalue is 1. Diagonalize if possible.

Exercise 7.2.6 Find the eigenvalues and eigenvectors of the matrix

⎡

⎣
95 25 24

−196 −53 −48

−164 −42 −43

⎤

⎦

One eigenvalue is 5. Diagonalize if possible.

Exercise 7.2.7 Suppose A is an n×n matrix and let V be an eigenvector such that AV = λV. Also suppose

the characteristic polynomial of A is

det(xI −A) = xn +an−1xn−1 + · · ·+a1x+a0

Explain why (
An +an−1An−1 + · · ·+a1A+a0I

)
V = 0

If A is diagonalizable, give a proof of the Cayley Hamilton theorem based on this. This theorem says A

satisfies its characteristic equation,

An +an−1An−1 + · · ·+a1A+a0I = 0

Exercise 7.2.8 Suppose the characteristic polynomial of an n×n matrix A is 1−Xn. Find Amn where m

is an integer.
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Lastly,

X ′ =

[
4et −3e2t

3e2t −2et

]′
=

[
4et −6e2t

6e2t −2et

]

and

AX =

[
0 −2
1 3

][
4et −3e2t

3e2t −2et

]
=

[
4et −6e2t

6e2t −2et

]

which is the same thing. Thus this is the solution to the initial value problem. ♠

Exercises

Exercise 7.3.1 Let A =

[
1 2
2 1

]
. Diagonalize A to find A10.

Exercise 7.3.2 Let A =

⎡

⎣
1 4 1

0 2 5
0 0 5

⎤

⎦. Diagonalize A to find A50.

Exercise 7.3.3 Let A =

⎡

⎣
1 −2 −1

2 −1 1
−2 3 1

⎤

⎦. Diagonalize A to find A100.

Exercise 7.3.4 The following is a Markov (migration) matrix for three locations

⎡

⎢⎢⎢⎢⎢⎣

7
10

1
9

1
5

1
10

7
9

2
5

1
5

1
9

2
5

⎤

⎥⎥⎥⎥⎥⎦

(a) Initially, there are 90 people in location 1, 81 in location 2, and 85 in location 3. How many are in

each location after one time period?

(b) The total number of individuals in the migration process is 256. After a long time, how many are in

each location?

Exercise 7.3.5 The following is a Markov (migration) matrix for three locations

⎡

⎢⎢⎢⎢⎢⎣

1
5

1
5

2
5

2
5

2
5

1
5

2
5

2
5

2
5

⎤

⎥⎥⎥⎥⎥⎦
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result is A =

[
5 −3

−3 5

]
. We can write q = x⃗T A⃗x as

[
x1 x2

][ 5 −3

−3 5

][
x1

x2

]
= 8

Next, orthogonally diagonalize the matrix A to write UT AU = D. The details are left to the reader and
the necessary matrices are given by

U =

⎡

⎣
1
2

√
2 1

2

√
2

1
2

√
2 −1

2

√
2

⎤

⎦

D =

[
2 0
0 8

]

Write y⃗ =

[
y1

y2

]
, such that x⃗ =Uy⃗. Then it follows that q is given by

q = d11y2
1 +d22y2

2

= 2y2
1 +8y2

2

Therefore the level curve can be written as 2y2
1 +8y2

2 = 8.

This is an ellipse which is parallel to the coordinate axes. Its graph is of the form

y1

y2

Thus this change of variables chooses new axes such that with respect to these new axes, the ellipse is
oriented parallel to the coordinate axes. ♠

Exercises

Exercise 7.4.1 Find the eigenvalues and an orthonormal basis of eigenvectors for A.

A =

⎡

⎣
11 −1 −4
−1 11 −4

−4 −4 14

⎤

⎦
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Hint: Two eigenvalues are 12 and 18.

Exercise 7.4.2 Find the eigenvalues and an orthonormal basis of eigenvectors for A.

A =

⎡

⎣
4 1 −2

1 4 −2
−2 −2 7

⎤

⎦

Hint: One eigenvalue is 3.

Exercise 7.4.3 Find the eigenvalues and an orthonormal basis of eigenvectors for A. Diagonalize A by

finding an orthogonal matrix U and a diagonal matrix D such that UT AU = D.

A =

⎡

⎣
−1 1 1

1 −1 1
1 1 −1

⎤

⎦

Hint: One eigenvalue is -2.

Exercise 7.4.4 Find the eigenvalues and an orthonormal basis of eigenvectors for A. Diagonalize A by

finding an orthogonal matrix U and a diagonal matrix D such that UT AU = D.

A =

⎡

⎣
17 −7 −4
−7 17 −4

−4 −4 14

⎤

⎦

Hint: Two eigenvalues are 18 and 24.

Exercise 7.4.5 Find the eigenvalues and an orthonormal basis of eigenvectors for A. Diagonalize A by

finding an orthogonal matrix U and a diagonal matrix D such that UT AU = D.

A =

⎡

⎣
13 1 4

1 13 4

4 4 10

⎤

⎦

Hint: Two eigenvalues are 12 and 18.

Exercise 7.4.6 Find the eigenvalues and an orthonormal basis of eigenvectors for A. Diagonalize A by

finding an orthogonal matrix U and a diagonal matrix D such that UT AU = D.

A =

⎡

⎢⎢⎢⎢⎢⎣

−5
3

1
15

√
6
√

5 8
15

√
5

1
15

√
6
√

5 −14
5 − 1

15

√
6

8
15

√
5 − 1

15

√
6 7

15

⎤

⎥⎥⎥⎥⎥⎦

Hint: The eigenvalues are −3,−2,1.


